
CoMBrNATOmCA 10 (I) (1990) 81--93 
COMBINATORICA 

Akad~miai Kiad6 - -  Springer-Verlag 

A P P L I C A T I O N S  O F  M A T R I X  M E T H O D S  T O  T H E  T H E O R Y  

O F  L O W E R  B O U N D S  I N  C O M P U T A T I O N A L  C O M P L E X I T Y  

A. A. RAZBOROV 

Received August 8, 1988 
Revised August 22, 1989 

We present some criteria for obtaining lower bounds for the formula size of Boolean func- 
tions. In the monotone case we get the bound n n~176 for the function "MINIMUM COVER" 
using methods considerably simpler than all previously known. In the general case we are only 
able to prove that the criteria yield an exponential lower bound when applied to almost all func- 
tions. Some connections with graph complexity and communication complexity are also given. 

Introduction 

One of  the main tasks of  the lower bounds theory is to discover some com- 
binatorial  or  algebraic properties o f  boolean functions which would imply high 
complexity in interesting computational models. In the present paper we give a 
series o f  such properties for formula size. We deal with three different versions 
of  this complexity measure, namely monotone formula size, formula size over a 
complete basis and formula size within graph complexity (the last notion was con- 
sidered in [19, 6]). The starting point for our methods is Theorem 1.3 implicitly 
used in [8] and first proved in [7]. We give a new proof  of  this theorem based on an 
interpretation o f  the formula size as existence of  a winning strategy for one of  the 
players in a two-person game and an incomplete converse to it. This game, in turn, 
is a modification o f  that considered in [14]. 

In the monotone case we prove the bound n ~(t~ for the monotone formula 
size of  the function " M I N I M U M  COVER" using one of  our criteria. Note that 
previously there were known two methods for obtaining superpolynomial lower 
bounds for monotone formula size: the method of  approximations [3, 4, 1, 10, 21, 2] 
(actually suitable for arbitrary monotone circuits) and th~ method o f  restrictions 
[14]. In particular, for the function " M I N I M U M  COVER" it is possible to prove 
a much stronger result using approximations (see [10, Prop. 5.1]). The method 
presented here is essentially simpler than both previous methods and seems to be 
interesting in its own right. 

We design, as an intermediate step, a non-singular matrix over F2 o f  size 
m a~176 which possesses a covering by m ~ monochromatic submatrices. Similar 
matrices (with a bit worse estimate for the order) were used in [17] for constructing 
a predicate such that both it and its complement have nondeterministic communica- 
tion complexity O ( t )  whereas its deterministic communication complexi ty  is 
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~2(te]log ~ t). As a by-product we obtain the improvement of  this gap to f2(t z) 
(it is achieved for the predicate "DISJOINTNESS OF O(log m)-SUBSETS OF AN 
m-SET"); the quadratic gap matches the upper bound O(t ~) from [9]. Conversely, 
we show that any example of a superlinear gap between DCC(A) and 

max (NCC(A), NCC(-JA)) 

can be used for obtaining superpolynomial lower bounds for the monotone formula 
size of a monotone Boolean function. 

The quadratic gap between deterministic and non-deterministic communica- 
tion complexities (but for a more complicated predicate) was also proved in [13]. 

One of the criteria considered in the present paper for formula size over a 
complete basis and formula size in graph complexity is similar to that communicated 
to me (without proof) by P. Pudlak (see [18]). We deduce below this criterion from 
other ones (see Corollary 3.6). We also prove that this criterion is partially invertible 
and hence yields exponential lower bounds when applied to "almost all" bipartite 
graphs and "'aImost all" booIean functions. This can Ize extended to all other criteria 
from which the criterion is deduced. But by now I have failed to prove a nontrivial 
lower bound for an explicitly given boolean function (or a graph) based on these 
criteria. 

The paper is organized as follows. In Section 1 we define a two-person game 
and prove the initial criterion (Theorem 1.3). In Section 2 we consider monotone 
and communication complexities; in Section 3 ~ the complexity over the stand- 
ard complete basis and the complexity of bipartite graphs. In Section 4 we present 
two open questions. 

1. The game "FORMULA" and coverings of matrices 

Throughout the paper B" denotes an n-dimensional boolean cube and F~[F~ ~ 
the set of all boolean functions [the set ofaU monotone boolean functions respectively] 
in n variables. For uEB n u ~ (l~_i=<n) means the ith bit in u. Let X~= {uEB"]u~=e} 
for l<=i<=n, eE{0, 1}. Given a variable x~, set x~=xl; x~ Given fEF., 
USB", BE{0, 1}, the statement VuEU(f(u)=e) will be written in the simplified 
form f (U)=e .  

By a formula (over the standard basis) we mean a usual expression of the 
propositional calculus constructed from variables xl, xz . . . . .  x, with connectives 
V, &, 7 ; every formula ~(xl ,  x~ . . . . .  x,) computes in a natural way some func- 
tion from F,. The size s(~) of a formula cb is the total number of occurrences of 
variables in 4~. Using De Morgan's laws we can transform every formula into a 
formula with tight negations (i.e. such a formula in which negations occur only 
in the form (qxi)) without enlarging its size. Given fEF,, the formula size L ( f )  
is rain {s(~)l~ computes f}.  A formula is monotone if it contains no negations 
at all; the monotone formula size L,,o,(f) of an fEF. "~ is defined by analogy with 
L( f ) .  The depth of a formula is defined in the standard way; we denote the cor- 
responding complexity measure by D ( f )  [D,,o,(f) for the monotone ease]. It is clear 
that L(f)<=exp(O(D(f))), the opposite inequality D(f )~O(IogL( f ) ) )  is the 
deep result due to Spira [20]. 

The game "'FORMULA" is a game of two players Up (upper) and Lo (lower). 
Up will try to prove an upper bound for the formula size of a Boolean function; 
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Lo will try to interfere him. A position is a triplet (U, V, t) where U, VC=B n, 
UNV=O, t~_l is an integer. Up begins the game. He obtains a position (U, V, t), 
chooses one of the two sets U, V (say, U), somehow represents U and t in the form 

(1) U =  U'UU", t = t ' + t "  ( t ' , t "~_ l )  

and hands to Lo the two positions (U', IF, t ') and (U", IF, t" 9. If  Up chooses 
the set V, the description of  his actions is given in the analogous way. 

Lo chooses one of the two positions offered to him and returns it to Up 
(the remaining position is thrown out). Then Up moves as above (in the new posi- 
tion) and so on. The game is over when Up receives a position of the form (U*, V*, 1). 
Up wins if 

(2) 3i, 8(1_~i_~n & e~{0,1} & v*c=xt  & v * c x ~ - ' )  

otherwise Lo wins. 

Theorem 1.1. Up has a winning strategy in a position (U, IT, t) iff there exists fEF~ 
such that 
(3) f ( V )  = O, f ( Z )  = 1, L ( f )  ~_ t. 

Proof. By induction on t. 

Base t = 1 is clear because (2) just means that x[(U*) = 0, ~(V*) = 1 holds for a 
variable or its negation xf. 

Inductive step. Assume that the theorem is proved for all values of  t less than a 
given one. First assume that Up has a winning strategy in (U, V, t) and this strat- 
egy requires Up to make the move (1). Then Up has winning strategies in both 
positions (U', V, t'), (U", V, t"), hence, by the inductive hypothesis, there are 
f ' ,  f"6F~ such that f '(U')=O, f ' ( V ) = l ,  L(f')~_t" and f" (U")=0 ,  f " ( V ) = l ,  
L(f")<-t  ". Then the function f = f "  & f "  [ f ' V f "  if  Up chooses V] satisfies (3). 

To prove this in the other direction, assume that f~F,  satisfies (3) and 
is a formula with tight negations computing f such that s (~ )~ t .  Suppose that 

is of  the form r & @" (the case when �9 is a disjunction is treated with a dual 
argument). Then, by the inductive hypothesis, Up wins if he makes the move (1) 
where U '= (~ ' ) - I (0 )NU;  U"=(~") -x(0)NU;  t '=s(~ ' ) ;  t "=s (~" ) .  1 

Consider now a modification "FORMULA 1" of  this game. The only dif- 
ference from the game "FORMULA" is that Up is obliged to make only those 
moves (I) for which U'NU"=fl .  

Lemma 1.2. Given a position, Up has a winning strategy in "'FORMULA 1'" iff he 
has such a strategy in "'FORMULA". 

Proof. Clearly, each winning strategy of  Up in the game "FORMULA 1" wins 
also in "FORMULA".  Conversely, given a winning strategy of Up in the game 
"'FORMULA" with move (1) required in a position (U, V, t), we obtain a move 
permitted in the game "FORMULA 1" by replacing U" with UN, U'(c=U"). It 
is easy to see that this strategy of  Up in the game "FORMULA 1" is winning. I 

Assume now that we are given two finite sets U and V (in general, of  arbi- 
trary nature). A rectangle (over U, V) is an arbitrary subset of  the cartesian product 
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U• which has the form U0• where Uo~U, Vo~V. Every set ~ of  rectangles 
such that U ~ = U •  will be called a covering (over U, V). A covering ~ is dis- 
joint if the intersection of any two rectangles from ~ is empty. A covering ~1 is 
embedded in a covering ~z if VR1E~ 1 3R2E~2 (R~C--Rz). Finally, set 

(4) ~(~) = min {1~'1 i~" is a disjoint covering embedded in ~}. 

Given U, VC_B" such that UNV=f), we can define a special covering 
over U, V by letting &co,(U, V)=  {Rol, Ro2 .... , Ro,, R~I, R~2 ..... R~,} where 

(5) R., = (unx:)x(vnxp9 (1 i n,  c(0, 1}). 

~ a , ( U ,  V) is a covering because for any uEU, vEV there exists i such that u~#v ~. 
We call this covering canonical. Given fEFo, set ~ o , ( f ) = ~ o n ( f - l ( 0 ) , f - l ( 1 ) ) .  

Now we are in position to formulate the initial criterion. 

Theorem 1.3 18, 7]. Git'en U, VC=B" such that UN V=~J and given fEF~ such that 
f(U)=O,f(V)= 1, the inequality L(f)>-_,(~.r V)) holds. In particular, L ( f )  >- 

Proof. Let f(U)=O,f(V)= 1, L( f )=t .  Then, by Theorem 1.1 and Lemma 1.2, Up 
has a winning strategy in the position (U, V, t) in the game "FORMULA 1", 
Fix one of these strategies S. Call the protocol of a game regular if Up was using 
the strategy S throughout this game. It can be proved by an obvious induction on 
t that the total number of regular protocols is just t. Given uE U and vE V, denote 
by L(u, v) the strategy of the player Lo which, after a move (1) of Up, consists 
in choosing the position (U', V, t ') if uEU" and (U", V, t") if uEU". If  Up 
has splitted the set V, Lo makes his decision by using v in an analogous manner. 
Let P(u, v) be the (regular) protocol resulting from competition between the strat' 
ogles S and L(u, v). Finally, for any regular protocol P set Rp= {(u, v)lP(u, v)=P}. 
Then ~ =  {Rp]P is a regular protocol} is a disjoint covering of UX V. Moreover, 
the Rp's are rectangles because it is easy to see that Rv=U*(P)• ) where 
(U*(/'), V*(P), 1) is the final position of  a protocol P. Hence ~ is a disjoint cov- 
ering by rectangles over U, V of cardinality t. Finally, by (2) and the fact that S is 
a winning strategy, ~ is embedded into ~ , ( U ,  V). So, a ( ~ , ( U ,  V))~_t. l 

Remark 1.4. This theorem was proved in [8, 7] by using an analysis on so-called 
H~-networks (these are a special form of common boolean formulas). It is also 
possible to give a very short proof just by a straightforward induction on t. We have 
chosen the bit longer way above to clarify the connection with communication 
complexity and especially with the paper [14]. 

Remark 1.5. Two rectangles ( U \ U 0 ) •  and U o X ~  will be called com- 
plementary. A covering ~ is self-complementary if it contains (U\Uo)• 
whenever it contains UoxVo. For instance, any canonical covering is self-com- 
plementary. On the other hand, we can assign to any self-complementary covering 

= {UIX~,  (U 'xU~)X(V\E) ,  U~X~, ( U N U ~ ) X ( F \ Z 0  . . . .  

..... u,  x r , .  ( u \ .  

over U, V of cardinality 2n a mapping f: UUV-~B" such that i(U)Ni(V)=fJ 
and ~o,(i(U), i (V) )=~  (in order to determine i, we set the v'th bit in i(u)to be 
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1 iff uEU, and the v'th bit in i(v) to be 1 iff veV,). So, Theorem 1.3 would 
imply good lower bounds for the formula size of a boolean function as soon as such 
bounds were proved for the value ~(~) where ~ is any covering over sets U, V of 
arbitrary nature. 

We conclude this section with the following statement which is an incomplete 
converse to the Theorem 1.3: 

Theorem l.6. Given U, VC=B n such that UAV=O, there exists fEF. such that 
f(U)=O, f ( V ) = l  and D(f)~_O((log~(~lcon(U, V)))~). In particular, D(f)~_ 
=< O ((log ~ (&c~ (f)))~). 

Proof. Fix a disjoint covering ~ embedded into ~c,,(U, V) with I~1 =~(~c~ V)). 
Assign to any R E ~  the number i(R)E {1 . . . . .  n} such that 38E {0, 1} (R~R~a~I~)). 
Assign to any pair (u, v) the number i(u, v)=i(R) where R is the rectangle con- 
taining (u, v). Note that ~ is a disjoint covering by rectangles which are mono- 
chromatic with respect to the function i(u, v), Therefore, by the result of Aho, 
Ullman, Yannakakis [9], there exists a communication (cooperative) protocol which 
runs within O((log I~1) 2) communications and, given u and v, outputs i(u, v). 
Note also that, by definitions, u and v differ at i(u, v). Now the theorem follows 
from [14]. l 

Remark 1.7. Let us note that Theorems 1.3 and 1.6 together imply D ( f ) ~  
_~O((logL(f)) z) and this was proved without appealing to the construction of  
Spira [20]. Apparently this shows the deep analogy between the simulation D(f )  
~_O(log L(f))  and the result by Aho, Ullman and Yannakakis [9]. 

2. Monotone and communication complexities 

In this section we put on U, VC_B" a restriction stronger than UfqV=~J, 
namely 

(6) VuEUVvEVBi (ua=O & vi= l). 

Note that (6) holds iff 3fEF."~ & f (V)=  1). Consider the following col- 
lection of rectangles: 

~..o. (V, V) = {~I ,  ~0~, ..., R0.}, 

where Rot was defined in (5). By (6) this collection is a covering over U, V. We can de- 
fine the game "MONOTONE FORMULA" by replacing (2) with 3i(l~_i~n & 
U*c=X ff & V*c=X~). After this all arguments of  the Section 1 can be word-by-word 
transferred to the monotone case and we obtain the following theorem: 

Theorem 2.1. Let U, Vc__B" be such that (6) holds. Then for any fEF~ m~ such that 
f (U)=0 ,  f ( V ) = l ,  Lmo.(f)~-~X(Rmo.(U, V)). 1 

The monotone analog of the Theorem 1.6 also holds. 
This time, however, any covering (not necessarily self-complementary) can 

be represented in the form t~,,o,(U, V) in the sense of  Remark 1.5 (we shall see 
below an example of  such an encoding). So, we assumethat U, V are finite sets of 
an arbitrary nature. 
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By a matrix over U, V we mean a matrix over a field ~ whose rows are in- 
dexed by elements of  the set U and columns by elements of  the set V. Given a rec- 
tangle R, we denoteby AR the corresponding submatrix of a matrix A. -4R is the 
matrix over U, V obtained from A by replacing those a,, for which (u, v)r by 0. 

Theorem 2.2. For any covering ~ over U, V and any non-zero matrix A over U, V 
(over an arbitrary field), the inequality 

rk(A) 
c~(#~) => maxrk(AR) 

R E ~  

holds. 

Proof .  Let ~" be a disjoint covering embedded in #~ such that I~'[ =a (~ ) .  Then 
A =  2 -4a therefore rk (A)=rk (  2 ~R) -~ ~ r k ( ~ ) .  On the other hand, for 

RE~I' R E ~ '  R E ~ '  
any RE~ '  we can find some R1EYt such that R~R1.  Hence rk(.4R)=rk(AQ ~ _ 

~-rk(ARx) and rk(A)~_l~'l .max rk(ARt ). l 
RxE~ 

Corollary 2.3. Given a covering ~ and a matrix A such that for any RE~  all entries 
of  the matrix AR coincide, we have ~(#0=>rk(A). 1 

Assume now that U=V=[m] ~-k (the family of all subsets of the set 
{1, 2 . . . . .  m} whose cardinality is at most k) and let Amk be the matrix over U, V 
defined by 

0, if u N v # O  
a , o =  1, if uNv=O.  

Lemma 2.4. A,~k is non-singular over any field. 

Proof. I t  follows f rom a general result [15, Theorem 2] that det (A~k)= 1 or -- 1 
(another proof for the field Fz can be found in [5, Lemma 4]). 1 

Set now R~215 ( l = l = m ) .  The collection of rectangles 
{R~ =< i~_m} covers all zeros of  A=k. Given eEB m, set R] = {u[ViEu(e~= 1)}• 
X {vlViEv(~t<--0)}. It is clear that all elements of (A~)n~ equal 1. 

Lemma 2.5. There exist el, ea . . . . .  e:E B m where 

(7) l = 12k4 k In m] 
z 

such that [_) R~ covers all ones of  Amk. 

Proof. Pick independently at random ex, e2 . . . .  , etE Bm. Then 

l 
P[3(u,v)Evxv(uNv=  (u,v)r <: 

i = l  

1 

I Vl. IVl. max0P [(u, v)r LI R[,] < 
i = l  

<mZ~. max (1-2-1.1-1~l)~ ~_ m ~ e x p l ( -  2 -~)  <- 1. I 
l l n v = v  
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Remark 2.6. As observed by one of the referees, a weaker (but sufficient for our 
purposes) statement can be proved constructively using properties of the so-called 
Paley graphs. Namely, if m is a prime and el, ez . . . .  , e,~EB '~ are given by el= 1 
iff i - j  is a quadratic residue mod m then the conclusion of  Lemma 2.5 holds for 
t= m and k = f2 (log m). 

So, when k=O( log  in) we see (either by Lemma 2.5 or by Remark 2.6) 
that there exists a covering ~ of cardinality m ~ for which the assumptions of 
the Corollary2.3 hold and thus ~(~)~rn u(l~ This implies the corresponding 
lower bound for the monotone formula size of  a boolean function. Let us check 
that this function actually is a subfunction of the function "MINIMUM COVER" 

MINIMUM COVER 
Instance. A bipartite graph H =  (P, Q, E) and an integer k. 
Question. Does there exist some PoC=P such that IP01=k and VqEQ 

3pEP+ ((p, q)EE)? 
Fix P, Q, k and assign a boolean variable xpq to any potential edge (p, q). 

Then "MINIMUM COVER" corresponds to the boolean function 

(8 )  Me(x)  = V V xp . 
Po~e ~, E,"o IPd =k 

Suppose now that a set of edges Ec=P• is fixed. Let {e p~} be the boolean 
vector corresponding to E. Given p'c=p, Q,C=Q, consider the instance of  the 
function "MINIMUM COVER" obtained by replacing the graph H=(P, Q, E) 
by the induced graph (P', Q \Q ' ,EA(P ' •  The corresponding boolean 
thnction in variables {ypIpEP}; {zolqEQ} (representing the sets P '  and Q' respec- 
tively) is monotone and can be written in the form 

(9) MC~(y, z) = eoEeV ,~Q ,Vp0((Y,&e")V zq). 
IVol = k  

Comparing (8) and (9) we see that for any E, 

(10) 2L,,on(MC) ~ Lmo,(MC'e). 

Let n o w  P =  {Pl,P2 . . . . .  Pro}, Q= {r qz .. . . .  qt} where l is given by (7). 
Choose ~ ,  ~z, .... ~,EB '~ in accordance with the Lemma 2.5 and set E =  {(Pi, q~)ls}= 1}. 
Define two injective mappings iv, iv from [m] ~-k to ~ ( P U  Q) by 

iv(x) --- {p,li~x}U {q j[ ~ iEx(p,, qj)~E}; 

iv(x) = {p~liEx}U {qj[V iEx(p,, qj)~ E}. 

After identifying ~ ( P U Q )  and B m+l we see that MCE(ir(x))=I (we have to 
take the set {piliEx} itself as Po) and MC'z(iv(x))=O (for any Po~{p~li~x}, by 
our choice of E, there exists qEQ such that ViEx(pi, q)EE and VpEPo(p, q)~E). 
It is easy to see that ~mo~(iv([m]~-k), iv([m]~-k)) is just the covering 

{ R 0 ,  . . . . .  . . . . .  

defined above. Hence (10), Theorem 2.1, Corollary 2.3 and Lwem a 2.4 impl the 
following result: 
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Theorem 2.7. Under the condition [Ql=>2k4 k In IPI the bound Lmo.(MC)~_ - f  

holds. In particular, when k=O( log  IPI), we obtain Lmo,(MC)~_n a~l~ where 
n=lPI-[QI is the total number o f  variables in the function MC. II 

We turn now to connections with communication complexity. The under- 
lying concepts of deterministic and nondeterministie protocols were introduced by 
A. Yao[23] and R. Lipton, R. Sedgewick[16] respectively. There are different 
versions of these notions but all of  them coincide up to a constant factor. From 
the combinatorial point of  view, the nondeterministic communication complexity 
NCC(A) of a 0---1 matrix A is [logs] of the minimal possible number of rectangles 
covering all ones of the matrix A [16]. The deterministic communication complexity 
DCC(A) is harder to describe in combinatorial terms. It can be estimated from 
below by logz of the minimal possible number of  disjoint rectangles covering all 
ones of the matrix A [23], the last number being estimated, in turn, by logs of  the 
rank of A over any field [17]. Taking as A the matrix A,,k when k=O(logm),  
we obtain 

Theorem 2.8. The nondeterministic communication complexity o f  both the predicate 
"DISJOINTNESS OF TWO O(log m)-SUBSETS OF A m-SET" and its comple- 
ment is O(log m) whereas the deterministic communication complexity of  the same 
predicate is ~2((log m)2). II 

The first result of such kind was the gap f2((t/log 0 2) shown in [17]. The 
truly quadratic gap (but for a predicate more complicated than the "'DISJOINT- 
NESS OF TWO O(log m)-SUBSETS OF A m-SET") was independently proved 
in [13]. Let us also note that this gap never exceeds f2(t ~) [9], i.e. the bound of [13] 
and Theorem 2.8 is tight. In the other direction, the result of the paper [9] implies 
the following theorem restricting possibilities of  the Corollary 2.3: 

Theorem 2.9. Given a covering ~ and a matrix A (not necessary 0--1) such that 
for any R E ~  all elements o f  AR are equal, we have rk(A)~_l~lOCloglm). | 

We conclude this section with an important observation made by one of  
the referees. We have already seen that any 0--1 matrix A gives rise to a monotone 
Boolean function f i n  2Nccca)+2 ~cccTa) variables with the lower bound L,.o,(f) >- 
_~rk(A) for its monotone formula size. The observation is that actually this lower 
bound can b e  improved to L,,o.(f)>-2 a~~ This follows from L.,o.(f)~_ 
_~2ocD-o. o")) [22] and the Theorem 2.2 from [14]. 

So, any example of a superlinear gap between DCC(A) and 

max (NCC(A), NCC(-]A)) 
can be used for obtaining superpolynomial lower bounds for the monotone formula 
size of  a monotone Boolean function. 
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3. Complexity over the standard basis and complexity of bipartite graphs 

A partlal matrix over U, V is a usual matrix over U, V with the exception 
that some entries can be left empty, without placing into them any elements of 
the underlying field. The rank of a partial matrix A is defined to be the minimal 
rank of all possible full extensions of the partial matrix A. 

Theorem 3.1. Let ~ be a covering over U, V represented in the form ~=~xU~a ,  
let ~r be a field and let al, a~E~. Define the partial matrix A by 

fal ,  i f  (u, v)~ I.)~1 
a.~ = " |as ,  / f  (u, v)r U ~2 

[left empty otherwise. 
Then ~(~)=>rk(A). 

Proof. Let ~" be a disjoint covering embedded in ~ such that I~'l=~(~). Let 
~ ' = ~ U ~ ;  ~ f q ~ = ~  where ~ is embedded in ~z and ~'~ is embedded in 
~ .  Let J be the matrix over U, V with all entries equal to 1, Then the matrix 
al ~ JR+as ~ fir has rank at most I~'1 and extends A; hence ~(~)_~ 

_~rk(A). l 

So, dividing somehow variables of a boolean function f into two groups we 
obtain, by Theorems 1.3 and 3.1, a partial matrix A such that L(f)~_rk(A). It 
turns out however that the rank of the same matrix also estimates the formula 
size of the bipartite graph corresponding to f and the division under consideration. 

To be more precise, fix two finite sets P, Q. A bipartite graph of the form 
(P, Q, E) will be identified with the characteristic function of  the set Ec=PXQ. 
Assign a boolean variable Xvo to any Po~=P and a variable Ye, to any QoC=Q. 
Set Xvo=PoKQ and YQo=P• We think of xv~ as the graph (P, Q, Xvo) and 
of Ye, as the graph (P, Q, YQo). Then any boolean formula in variables {xv,}, 
{yQ0} computes in the natural way a graph. So, we can define the corresponding 

formula size of a bipartite graph E denoted by La~(E) and its depth denoted by D,g(E). 
Because of -]xvo=xv-vo, qyeo=yQ-a~ we can consider only monotone formulas; 
negations have no power in this computational model. Finally, note that it is pos- 
sible to associate the bipartite graph H(f . )=((0 ,  1} *, {0, 1} ~, E(f)) with any Boolean 
function f (xl ,  x~,. ' . ,  x,, Yl, Y~,---, Y~) (here E ( f )  = {(e, 5)1 f(e, 5)= I}). After this 
we obtain L(f)>--La~(E(f)) therefore the problem of proving lower bounds for 
complexity of boolean functions is reduced to the same problem for bipartite graphs. 
More information about graph complexity can be found in [19, 6, 11]. 

Assume now that U, V~P•  ur lv=o .  Define ~g,(U, V) to be the 
covering over U, V consisting of  the following two collections of  rectangles: 

(11) {(U"x~v0) •  N Xv0)le0 c= p}, 

(12) {(v'Xrao) x(z n Yao)IQo ~ Q}. 
For EC=PXQ set ~q,(E)=~o,(E, P X Q \ E ) .  Repeating word by word 

the arguments of  Section 1 we obtain 

Theorem 3.2. Let U, V~=PxQ, UNV=O. Then for any graph Ec=PXQ such 
that U~E=fl, VC=E we have La,(E)~-~(~a,(U, V)). I 
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The statement analogous to the Theorem 1.6 is: 

Theorem 3.3. Let U, Vc__PXQ, UOV=O. Then there exists a graph Ec=P• 
such that UOE=O, VC_E and Dg,(E)~O((log ~(~g,(U, V))"-). 

This theorem can be proved just as Theorem 1.6. Below we will see another 
proof of it grounded on entirely new ideas, l 

Given U, V such that U, Vc=P• UAV=O, and two elements aa, a~ 
from a field/g, define the partial matrix A(U, V, a~, a~) by  

a if edges u and v have a common vertex in the set P 
a,, = ~a~ if edges u and v have a common vertex in the set Q 

[left empty otherwise. 

For Ec=PXQ set A(E, a~, a,.)=A((P• E, al, a2). 
Applying Theorem 3.1 to the covering ~=g~g,(U, V) and the division (I1), 

(12) of this covering into two parts we obtain 

Theorem 3.4. Let U, Vc=P• UfqV=O, ~ be an arbitrary field and a 1, a~EA. 
Then e(~o,(U, V))->_-rk(A(U, V, al, a2)). In particular, 

rk(.4 (e, as)). ! 

From now on we consider only the case U=E, V = P •  but all the 
results below can be automatically extended for the general case. 

Denote by I(~, d) the intersection graph of the family S(A, d) formed by 
all affane subspaces (of arbitrary dimension) of a d-dimensional affine space A~ 
over the field t .  We say that a bipartite graph (P, Q, E) is realizable in I(s d) 
if there exists a mapping i: PUQ-*S(~., d) (not necessarily injective) such that 
(p, q)EE~i(p)Mi(q)~O. Denote by adimz(E) the affine dimension o r e  that is 
the minimal d for which (P, Q, E) is realizable in I(~, d). 

Theorem3.5. Let Ec=PXQ; ~ be an arbitral T field, al, a2EJ(, a1~a2. Then 
rk(A(E, al, as)) ~adimL (E). 

Proof. Let B be a usual matrix of rank d=rk(A(E, al, a2)) extending A(E, al, az). 
Let U = P X Q \ E ,  V=E. Take the affine subspace in s generated by 0 and all 
columns of B as A~. Given vE V, denote by j(v) the corresponding column. Given 
rEPUQ, let i(r) be the affine subspace in A~ generated by vectors {.j(v)}v is in- 
cident to r}. We claim that i is the desirable realization. 

If  v=(p, q)EV then j(v) belongs to the intersection of i(p) and i(q). 
Assume u=(p, q)EU. Define the affine functional x,,: A~-~Y as the com- 

position A~ _~Zv ~.~... ~ where p, is the projection onto the u's position. Then for 
any vEV adjacent to p we have x,(j(v))=a,v=a~ and, similarly, if v is adjacent 
to q, rc,,(j(v))=a~. Hence rc,(i(p))={al}, rc,(i(q))={a2}. This implies i(p)N 
Ni(q)=O. i 

As an application we obtain the following result. 

Corollary 3.6. For any Ec=P• Q and anY fieM Y, Lg,(E)_->adim~ (E). | 
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For finite fields this result can be partially reversed as follows: 

Theorem 3.7. For any finite field ~, Dg,(E) <= 0 ((log adimL (E))~). 

Proof. Let d=adim~(E) and i: P U Q ~ S ( g , d )  be an affine representation of 
the graph E. For rEPUQ write down i(r) in the form 

i(r) = a(r)+ Span (al(r), ..., ad(,)(r)) 

where d(r) is the affine dimension of i(r) and Span (al . . . . .  am) is the linear space 
generated by: a~, ..., am. Then 

(p, q)E E 

i(p)Ni(q)  ~ 0 r 

(13) a ( p ) - a  (q)CSpan (al (p) . . . . .  aa~p) (P), aa(q) . . . . .  aa(q)(q)) r 

dim Span (al(p) . . . .  , aatp)(p), al (q) . . . .  , adtq)(q)) = 

dim Span (al (p), ..., adtp)(P), al(q) . . . .  , ad(q)(q), a (p) -- a (q)). 

But the rank of a d •  matrix over a finite field can be computed by a 
Boolean circuit of  depth O((Iog d) 2) .(see [12]). Therefore, the fact (13) can be 
tested by a Boolean circuit of depth O ((log d) 2) and this circuit also works in the 
graph complexity framework. I 

Theorems 3.4, 3.5 and 3.7 together provide a new proof of the Theorem 3.3. 
We conclude this section by discussing connections with the paper [18]; 

Let BPPg,(E) be the size of a minimal branching program (measured by the number 
of non-sink nodes)computing the graph E (the node questions to an input pair 
(p, q) are of the forms "P~P0?" or "qCQo?" where Po and Qo are arbitrary subsets 
of P and Q). Then, just as in the Boolean case, 

(14) BPPg,(E) ~ Lg,(E). 

The projective dimension pdim~ (E) is defined like adim L (E) with the difference 
that i(p) and i(q) this time should be linear subspaces and (p, q)EEc*i(p)(qi(q)# {13}. 

P. Pudlak and V. Rfdl  showed that adim~ (E)<-(pdim, (E)) 2 for every field 
s and adim~ (E)<=pdim~ ( E ) -  1 if ~ is infinite. By methods entirely different from 
those of the present paper they proved 

(15) p dim~ (E) <= BPPg,(E)+ 2 

(actually P. Pudlak and V. Rfdl stated this only for Boolean branching programs 
but their arguments can be straightforwardly extended for the graph complexity 
framework). So, the results from [18] imply Lg,(E)=>(adimL (E)) 1!~ for every field 
and Lg,(E)_~adim~ ( E ) - I  if ~ is infinite which is only a little worse than our 
bound La,(E)~_adim~(E ). An interesting corollary of Theorem 3.7 and results by 
P. Pudlak and V. R6dl is the following theorem. 

Theorem 3.8. For any finite field ~, 

p dim~(E) ~_ adim~(E) ~ . 

Proof, From (15), (14), Lo,(E)_~ex p (O(Dg,(E)) and Theorem 3.7. I 
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I do no t  know any purely combinator ia l  p r o o f  o f  the Theorem 3.8. Note  
also that ,  at  least in this form,  it is no t  true for infinite fields. Say, i f  E is the com- 
plement  o f  an N to N matching  then, as p roved  by L. Lovasz ,  pdim~ (E)_~ f2(log N) 
(for any  field ,0  b u t  it is easy to see tha t  adim~ (E) = 2  if,~ is infinite. 

4 .  Open questions 

W e  do no t  present here obvious  quest ions an answer to which  would  imply 
superpolynomial  lower bounds  for  the formula  size o f  explicitly given Boolean 
functions.  A m o n g  others  are the following two. 

Question 4.1. W h a t  is the best lower b o u n d  for  formula  size over the s tandard 
basis with negat ion which could  be obta ined  using Theorem 2.2? More  precisely, let 

( rk(~) "1 
B(n) = m a x  max~ - -  ~-, 

l~t=~-,, -4 I max  rk  (A~))  

where max  ranges over  all self-complementary coverings o f  ca rd ina l i ty  2n and 

max  ranges o v e r a l l  n o n - z e r o  matrices o f  the corresponding size over arbitrary 
,/I . . . .  

fields. W h a t  is the magni tude  o f  g rowth  o f  the funct ion B(n)?  In  particular,  does 
B(n) grow superpolynomial ly?  x 

Question 4.2. Can  Da,(E ) be nontr ivial ly bounded  f rom above in terms o f  N and 
adim~ (E) for  an infinite field ~? In part icular,  is it true tha t  Da,(E) is po lynomia l  in 
log log N and log adima (E)? 
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